ISRAEL JOURNAL OF MATHEMATICS, Vol. 73, No. 3, 1991

ON GENUS AND CANCELLATION
IN HOMOTOPY

BY

IMRE BOKOR
75 Mount St., Coogee 2034, New South Wales, Australia

ABSTRACT
The genus is determined for spaces of the homotopy type of a CW complex with
one cell each in dimensions 0, 27 and 47 (and no other cells), such spaces providing
the only cases of spaces with two non-trivial cells such that the homotopy class of
the attaching map for the top cell is of infinite order and the genus of the space
is non-trivial. The genus is characterised completely by two well understood in-
variants: the Hopf invariant of the attaching map of the 4x-cell and the genus of
the suspension of the space. The algebraic tools are developed for the investiga-
tion of the v-cancellation behaviour of these spaces and a cancellation theorem is
proved: the homotopy type of a finite wedge of such spaces determines the homo-
topy type of each of the summands as long as the attaching maps of the 4n-cells
all represent homotopy classes of infinite order. Comparing this result to known
results about finite co-H-spaces shows that the Hopf invariant is the single obstruc-
tion to such spaces admitting a co-H structure.

One approach to an understanding of the homotopy theory of topological spaces
is to try to decompose them with respect to the one-point union (or v-product)
into spaces which are not themselves decomposable, in the hope that the homo-
topy properties of these indecomposable spaces are easier to deal with and that the
homotopy properties of the original space can be recovered from them. For this
programme to have any prospect of success, it would be necessary either to know
that the v-decomposition of a given space is unique up to homotopy —and, of
course, up to the order of the components —or, at the very least, to have control
over the indeterminacy. Restricting attention to topological spaces of the homo-
topy type of CW-complexes of finite type (which we simply call spaces), the cen-

tral questions are:

(i) Given spaces A, B and C with A v C and B v C homotopically equivalent,

what can be said about A and B?
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(ii) Given spaces A and Bwith Av---v A and Bv---v B (with the same finite
number of summands in each case) homotopically equivalent, what can be
said about A and B?

In general A and B need not be homotopically equivalent —that is to say we can-
not always cancel. But in all the known examples of non-cancellation, the spaces
A and B were almost homotopically equivalent in the sense that at each prime p
their p-localisations A4 ,, and B ,, were homotopically equivalent. Spaces with
this property are said to be of the same genus. The question then arises naturally:
Do genus and non-cancellation always go hand in hand?

Indeed, they often do. Zabrodsky [Z] showed that if attention is restricted to
finite H-spaces, then every non-trivial genus provides examples of non-cancella-
tion phenomena with respect to cartesian product:

ProposiTiON. Let A and B be finite H-spaces of the same genus. Then there are
a finite H-space C and a positive integer r such that (i) A X C and B X C are homo-
topically equivalent and (i) A" and B are homotopically equivalent. (Here A"
denotes cartesian product of r copies of A.)

Wilkerson [CW] established a converse and claimed the corresponding result for
finite co-H-spaces and v-product:

PropoOSITION. Let A and B be finite H-spaces (resp. co-H-spaces). Then the
following are equivalent:
(i) A and B are of the same genus.
(ii) A X CandB x C (resp. Av C and B v C) are homotopically equivalent,
for some finite H-space (resp. co-H-space) C.
(ili) A" and B" are homotopically equivalent for some positive integer r, where
A’ denotes the cartesian (resp. v-) product of r copies of A.

In other words, genus and non-cancellation are inseparable in the cases of finite
H-spaces and finite co-H-spaces.

What if the spaces are not required to be H-spaces or co-H-spaces? We inves-
tigate this question for finite simply connected CW-complexes with cells in dimen-
sions 0, 2n, and 4n.

THEOREM [M]. The following statements are equivalent for spaces consisting
of precisely three cells, one each in dimensions O, n and m withl <n<m—1, as
long as either the attaching map of the m-cell represents a suspension element in
Tm—1(S") or both the order in n,,_,(S") of this attaching map and n are odd.
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(i) The spaces are of the same genus.

(ii) The attaching maps of the top cells generate the same subgroup of
Tm—1 (S8™).

(iii) The wedges of the spaces with 8" v 8™ are homotopically equivalent.

This paper continues the investigation of spaces with three cells, but we now as-
sume the attaching map of the cell in the top dimension to be of infinite order. The
only infinite homotopy groups of spheres are 7,(S") and 74,_;(S*"). Since the
mapping cones of maps S” — S” (n > 1) are simply connected Moore spaces, their
homology groups determine them uniquely up to homotopy equivalence. Hence the
only case left to consider is when the cells are arrayed in dimensions 0, 27 and 4n
(with n > 0). This case provides a striking contrast to the theorem above, for while
the genus can still be algebraically characterised in a manner which extends (ii), the
geometrical condition (iii) no longer characterises the genus: in general (i) does not
imply (iii) in the above theorem. Specifically,

THEOREM A. Given spaces with precisely three cells, one each in dimensions
0, 2n and 4n, they are of the same genus if and only if
(i) the attaching map of their 4n-cells generate the same subgroup of
Tan—1(S*") modulo torsion and
(i) the suspensions of these maps generate the same subgroup of 74, (S*"*1).

We shall derive this theorem as a consequence of the characterisation of the ge-
nus of $2” U, e*" = C; in terms of two invariants: the genus of the suspension
and the Hopf invariant of f. (Observe that while it is obvious that the genus of the
suspension is genus-invariant, it is not immediately obvious that the Hopf invari-
ant is.)

It is worth noting that this theorem does not, in fact, require any restriction on
the order of the attaching map of the cell in the top dimension, although, of
course, our main interest is when this order is infinite.

THEOREM B. Given spaces with precisely three cells, one each in dimensions
0, 2n and 4n, such that the attaching maps of the 4n-cells are of infinite order, they
become homotopically equivalent by wedging with the wedge of a 2n-sphere and
a 4n-sphere if and only if they are already homotopically equivalent themselves.

This already appears in [M]. The proof given there applies a form of Hilton’s
“matrix calculus” [H2]. But the question is left open: What can be said about two
three-cell spaces knowing that the wedge of the first with itself is homotopically
equivalent to the wedge of the second with itself?
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Our answer to this question is

THeOREM C. Take two spaces with precisely three cells, one each in dimensions
0, 2n and 4n, such that the attaching maps of the dn-cells are of infinite order. The
wedge of finitely many copies of one is homotopically equivalent to the wedge of
the same number of copies of the other if and only if the spaces are themselves
homotopically equivalent.

We derive Theorem B and Theorem C as corollaries to the following v-factor-
isation theorem, which we prove by extending and applying the “matrix calculus”.

THEOREM D. Take spaces with precisely three cells, one each in dimensions
0, 2n and 4n. Two finite wedges of such spaces are homotopically equivalent if and
only if the number of factors with the attaching map of the 4n-cell of infinite or-
der is the same in both wedges, these factors are pairwise homotopically equiva-
lent and the wedges of the remaining factors are homotopically equivalent.

The rest of the paper is devoted to the proofs of Theorem A (Corollary 2.4 be-
low) and Theorem D (Theorem 4.13 below). Elements of Hopf invariant 1 arise
only when n = 1, 2 or 4 [A] and occasionally create the need for slightly special
arguments in those cases. The characterisation of the genus of C; for f €
Tan—1(S?") is illustrated by the explicit computation of the genera of the complex,
the quaternionic and the Cayley projective planes.

The author would like to thank Peter Hilton for his advice and encouragement
with this paper.

1. Homotopy properties of S*" U, e*"

The CW-complexes we consider are of a particularly simple form: they are the
mapping cones C, of maps f: V S*"~! - \/ §2". By the Blakers-Massey Theorem
[H1], maps between such mapping cones C, and C, arise from homotopy com-
mutative diagrams

V s4n—1 S ) V S2n

,;l l .

V 54n—1 . V SZn

We begin the algebraic analysis of such a commutative diagram — which we re-
fer to as our “fundamental diagram”—by considering the special case in which
each of the bouquet of spheres consists of a single sphere.

Then the horizontal maps are classified by 74,_,(S") and the vertical ones by
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Tan—1 (S¥" 1y and ,,(S?") respectively. These last groups operate on 4,—; (S**)
by the homotopy operation of composition. The other homotopy operations which
play a rble are suspension and the Whitehead product. We take the opportunity
to summarise their properties and to fix notation.

The features of these operations essential for our investigations are that com-
position —which we denote by o —is always right-additive (additive in the second
variable) but only sometimes left-additive, whereas the Whitehead product [ , ]:
m (X)) X 71,(X) > 74,1 (X) is natural in maps X — Y, bi-additive for ¢,u = 2,
graded commutative and its image lies in the kernel of the suspension morphism —
which we denote by L. The next theorem is a formal statement of these facts.
Other, more special properties will be introduced as needed.

THEOREM 1.1 [GWW]. Lefa,B € 7,(X),v,0 € 7,(X)and e, € 7, (S"). Let
n be a homotopy class of maps X — Y. Then

(i) ac(e+{)=acet+at.

(ii) If, in addition, either X is an H-space or ¢ is a suspension element, then
(a+B)ee=ace+ Boe.

(i) nefa,y] =[nea, neyl.

(iv) [a+B,v+368] =lo,y] + [@,0] + [B,y] + [B,0] if t,u=2.

™ la,v] = (=D"[y,a].

(vi) Z[a,y] =0. [ |

The Hilton-Milnor Formula describes the failure of the composition : 7, (X) X
7,.(S") > 7, (X) to be left-additive.

THEOREM 1.2 [GWW] (Hilton-Milnor Formula). Lef o,8 € 7,(X) and € €
7,(S"). Then

(a+B)ee=ace+Boe+ D, wia,B)eh;(e)
iEN

where each w;(«, B) is an iterated Whitehead product with at least two factors. If
wi(a, B) has s + 1 factors, then h; is a homomorphism 7,(S") = 7, (S“*V"%) and
is called the “i-th Hilton-Hopf invariant”. [ ]

We are now ready to determine the operation of m,,(S%") on w4, (S*").
Given o, € 7,(S™) and v € 73,,_1(S™) (m = 2), it follows from the Hilton~
Milnor formula that

(a+B)oy=(acy)+ (Bey)+ [a,B8] 2 ho(y)

since the image of the Hilton-Hopf invariant A, lies in 7,,,_;(S") and r; = 2m, so
that m,,_, (S") = 0 whenever i > 0. In fact, &, agrees with the classical Hopf in-
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variant, which we denote by H and whose properties are summarised in the next
theorem.

THEOREM 1.3 [GWW)]. H:75,_(S™)— Zis a group homomorphism with the
Jfollowing properties. Take o« € 73,,_1(S*™), ¢ € 7,,(S™), « the homotopy class of
idgm:S™— 8™ and Y € Tym_, (S*™ ). Then

() H(p-a)=(degp)*H(a).

iy H(acy) = (degy)H(a).

(i) @ € E(m2m_2(S™ ")) if and only if H(a) = 0.

v) If m = 2n — 1, then im(H) = {0}.

7 ifne(l,2,4],
27 otherwise.
(vi) H([t,:]) = 2. | |

(v) If m =2n, then im(H) = {

Only the homotopy groups 73(S2), 7,(S*) and ,5(S?) contain elements of
Hopf invariant 1. In each of these cases the corresponding Hopf map #:S*"~! —
S™ (m = 2,4,8) represents one such homotopy class. These play an important role
below.

THEOREM 1.4 [GWW].

7: ®T,, if miseven
7r2m—1(Sm) = . .
T if mis odd

where £ is of infinite order and T,,, the torsion subgroup of wy,-1(S™), is
Z(mam-2(S™")). For m # 2, 4 or 8, £ may be taken to be the Whitehead product
[¢,t]. Otherwise £ may be taken to be the corresponding Hopf map n. Moreover
T, = Z/rZ with r = 1,12,120 respectively, for m = 2,4,8. In these cases, T,, is gen-
erated by the suspension, w, of a generator of wam—2(S*™ Y, and [1,1] =2 + w.
Finally, the suspension morphism L : w4,_,(S%") — 74,(S?"*!) is surjective with
kernel generated by [i,.], so that 14,(S*"*") = T», unless n = 1,2,4 when
740 (S2"TYY = Z/2rZ with r as above. n

Having chosen once and for all a canonical generator ¢ for the free component
of T4,-1(S?"), we may freely speak of the “torsion component” of an element of
Tan_1(S2") or, more generally, of m4,_(V S*").

We now introduce a more convenient way of representing the elements of

7r4n—l(S2n)-
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It follows from Theorem 1.4 that E(an + xw) = (a — 2x)X(y) forn =1, 2 or 4.
Hence, in these cases,

2x(f)L(n) = aZ(n) — E(f)

where we have written x(f) for x to emphasise its dependence on f.

Thus f is determined up to homotopy by the pair (H(f),Z(f)), since this pair
uniquely determines H(f)n + x(f)w. Of course f also determines the pair
(H(),E().

If n # 1, 2 or 4, then each function f: S*"~! — §27 is the form a¢ + {, where
£ = [1,¢] and where { is now an element of the finite abelian group 75,. But then
H(f) = a(H[L,L]) = 2a, L(§) = 0 and the suspension morphism restricts to an
isomorphism 75, — 74, (S*"*!), so that £(f) = Z({). Thus the pair (H(f),Z(f))
once again determines f up to homotopy.

These considerations allow us to represent any function f: $*~! - §2* (without
restriction on n) as the pair (H(f),E(f)). Moreover, this representation is natu-
ral in the sense that it is compatible with the operations of 74,_,(S*"~') and
T2, (S%") On 4, (S%).

THEOREM 1.5. For maps : S*"~!1 - §4=1 £: 841 5 82" and ¢ : §2" — §27,
we have
(H(fo4),E(fo¥)) = (deg(¥)H(f), deg(¥)E(S)),
(H(gf),L(¢ef)) = (deg(e)’H(f), deg(9)E(S)).

Proor. The equalities are immediate consequences of Theorems 1.1 and 1.3.
| |

The last theorem also provides purely algebraic conditions equivalent to the
mapping cones C; and C, of f,g:$*! — §2” being homotopically equivalent.

COROLLARY 1.6. The mapping cones of f,g: 8"~ - §** are homoropically
equivalent if and only if

H(g) = xH(f) and L(g)==L(f).

Proor. A self-map of S (m = 1) is a homotopy equivalence if and only if its
degree is +1. n

In particular, when discussing the homotopy properties of the mapping cone
Cr, we may assume that the Hopf invariant of f is non-negative.



368 I. BOKOR Isr. J. Math.

2. Localisation and the genus of S*" U, e*"

We denote by X, the p-localisation of the space X, by e: X — X, the
p-localising map and by f,, the p-localisation of the map f in the sense of [BK],
[HMR] or [HP].

The spaces we study in this paper are mapping cones of maps f: S*"~! - §27,
Given f,g:S*' - 82", maps (C(;))(p = (C(g))(p correspond to commutative
diagrams

(S4n_l)(p) - (Szn)(p)

Wl J«:'

(S*" N o (82 (p)

The horizontal arrows are classified up to homotopy by [(S*"™')(,),(S*") (] =
[§41-1,8%7] ), which is, by Theorem 1.4, 74,1 ($*")(p) = M40 (S*") @ Z(,).
Thus (a§ + ) (p is (@& ) + $py)-

Similarly the vertical arrows are classified up to homotopy by 7,,(S™)(p) =
Z, . Hence we may write Y’ as r/s and ¢’ as #/u with s and u coprime to p. Now
| ¢, |l the order of {,), is a power of p, say | {,| =p’ Letd=2"*"if p=2
and n = 2,4. Otherwise let d = p’. Then there are integers v and w such that
vsu + wd = 1. Take self maps p of (S*"7!)(,, and o of ($*")(,, classified by vsu
and (vsu)? respectively. Then, by Theorem 1.5, 60 g,y = g, ° p since vsu = 1
(mod| ¢ |). Moreover, p and ¢ are homotopy equivalences —their homotopy in-
verses are classified by 1/(vsu)? and 1/vsu respectively. Hence we may replace ¢’
by ¢ :=poy’ and ¢’ by ¢ := g0 ¢’ in the diagram above. Furthermore, since they
are classified by integers, ¥ and ¢ are the localisations of self-maps of $4"~! and
S27, namely of maps of degree vru and wvst respectively.

These considerations mean that we may carry out our “localised” computations
in the “global” setting. The next lemma is a formal restatement of this fact.

LEMMA 2.1. The mapping cones of f,g:8*"~! —» S*" are p-equivalent if and
only if there is a homotopy commutative diagram

S4n—1 S S2n
‘&j lso
S4n—l , SZn
4
with both deg(y) and deg(¢) coprime fo p. In other words, C; and C, are

p-equivalent if and only if there are integers k and | coprime to p such that

IH(g) = k*H(f) and IZ(g) =kI(f). [
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We can now classify the mapping cones of maps f: S*"~! — §2” into their re-
spective genera.

THeoREM 2.2 (Classification Theorem). The mapping cones C; and C, of the
maps f,g:S*""! - §*" are of the same genus if and only if

(i) the Hopf invariants of f and g agree up to sign, and

(ii) their suspensions are of the same genus.

Proor. Suppose first that C, and C, are of the same genus, and let p be a
prime number. Then by assumption (Cy)(,) = (C,)(, - Hence, by Lemma 2.1,
there are maps ¢ : S*"~! - §*"~! and ¢ : §?" —» S2” of degrees ] and k respectively,
both coprime to p, such that

(IH(g),IZ(8)) = (H(g-¥),L(g¥)) = (H(ef),L(¢f))
= (K*H(f),kZ(S)).

It follows immediately that p” divides H{f) if and only if p” divides H(g) and
that XC; = Cg(sy and LC, = Cy(, are p-equivalent. This being true for every
prime p, it follows (a) that H( f) and H(g) have the same prime factorisation, so
that H(g) = £H(f), and (b) that £C, and EC, are of the same genus.

By the remark after Corollary 1.6 we may suppose for the converse that
H(f)=H(g).

Now EC, and LG, are of the same genus if and only if £(f) and L(g) generate
the same subgroup of m,,(S***!) [M]. Thus there is an integer k coprime to | T,
the order of the torsion subgroup 7T of m,,_;(S*"), such that £C,; = k-ZC,.
Choosing self-maps ¢ of $2" and ¥ of $**~1 of degrees k and k? respectively, we
have

¢ (H(f),L(f)) = (KH(f),kL(f)) = (k*H(g),k*L(g)) = (H(g),L(g)) ° ¥

Hence C; and C, are p-equivalent for every prime p which divides the order
of m4,(S%"). If, on the other hand, the prime p does not divide 7,,(S?"), then
(x(f))py = (x(8)) () = 050 that C, and C, p-localise to the same space.

Thus C; and C, are of the same genus. u

As a corollary we have Theorem A from the Introduction.

CoROLLARY 2.4.  The mapping cones C; and C, of f,8: 5"~ — S are of the
same genus if and only if

(i) fand g generate the same subgroup of T4,_;(S*") modulo torsion and

(ii) E(f) and L(g) generate the same subgroup of w4, (S*"*').

Proor. Note that (i) is equivalent here to H(g) = zH(f). [ |
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3. Examples

As an application of the Classification Theorem, we use Theorems 1.4 and 2.2
above to compute explicitly the genera of the complex projective plane CP(2), the
quaternionic projective plane HP(2) and the Cayley “projective plane” OP(2).
They are the mapping cones C, of the respective Hopf maps 5 : $**~! - §%7, n =
1, 2 and 4. In each case the torsion subgroup 7T of 7,,_;(S?") is cyclic generated
by, say, w of order ¢ and 74, (S*"**!) is finite cyclic of order 2¢. The kernel of the
suspension morphism is generated by [¢,t] = 27 + w, the Whitehead square of the
identity map id : 2" —» §2".

Moreover, each y has Hopf invariant 1 and it follows that (=1)e 5 =7 + .
Hence the mapping cone of an 4 xw is homotopy equivalent to that of an + yw
where x + y = a (mod ¢). Since # = 1, 12 or 120 according as n = 1, 2 or 4, we may
restrict attention in considering spaces of the genus of CP(2), HP(2) or OP(2) to
mapping cones of maps of the form 5 + 2kw with £ =0, .. .,5 in the case of HP(2)
and kK =0,...,59 in the case of OP(2).

The Case n = 1. Since 74(S?) = Z is torsion-free, there is only one homotopy
class of maps f: $* — S* with Hopf invariant 1, so that G(CP(2)) = {C,}.

The Case n = 2. The relevant homotopy group is 7,(S*) = Z ® Z/12Z. There
are six distinct homotopy classes of mapping cones C, with H(f) = 1, namely
those of {n + 2kw|k =0,1,2,3,4,5}. Their suspensions are the mapping cones
L(n), 21X(9), 17Z(y), 13E(n), 9Z(n), and SL(y) respectively. These are of the
same genus if and only if their attaching maps generate the same subgroup of
Z/24ZX(n). The six maps fall into two classes, namely those with £ € {0,2,3,5}
and those with &k € {1,4}, each class determining a complete genus. Thus
G(HP(2)) = {C,,C, 140> Chi60s Cpri0, ). The other genus of mapping cones Cy
with f € 77(S*) and H(f) = 1 is {Cpr20s Crisal-

The Case n = 4. The relevant homotopy group is 7,5(S%) = Z @ Z/120Z, and
there are 60 distinct homotopy types of mapping cones of maps f: S'° - S® with
the attaching map of Hopf invariant 1. There are four genera, with 32, 16, 8 and
4 distinct homotopy types respectively. The Cayley projective plane is in the largest
genus, namely,

C,1iw € G(OP(2)) if and only if &k = 2r with
re {0,2,3,5,6,8,11,12,15,17,18,19,20,21,23,26,27,

30,32,33,35,36,38,42,45,47,48,50,51,53,56,57}.

We spare the reader the lists of the other genera and offer in their stead an ob-
servation about the genera in the three cases just considered.
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The binary expansion of the number of homotopy types of mapping cones C;
with H(f) = 1 provides the partition of the homotopy types into genera: n = 1:
There is only one homotopy type. n = 2: The 6 = 110, homotopy types fall into
2 genera, one with 4 homotopy types, the other with 2. n = 4: The 60 = 111100,
fall into 4 genera, one with 32 homotopy types, one with 16, one with 8 and the
last with 4,

4. Cancellation properties of S2" U, ¢*"

We now turn to the v-cancellation properties of the mapping cones C; of maps
fi§4n-t g2,

We saw in the last section that the genus of C; can be characterised algebrai-
cally without any assumption on the order of f € 7,,_,(S%"). The cancellation
behaviour of Cy on the other hand depends vitally on whether or not this order is
finite.

Recall that the order of f € my,_,(S*") is finite if and only if £ is a suspension
element. According to the results of [M], {CW] and [Z], the genus of Cy is then
characterised by non-cancellation phenomena as well as by an algebraic condition.

THEOREM 4.1. Given f,g:8™ ' - S" of finite order in «,,_,(S")(m >n> 1),
the following statements are equivalent:

(i) Cyand C, are of the same genus.

(i) CvS"vS"=C,vS"v S

(iiiy Crv B = C, Vv B for some suitable bouquet of spheres B.
If, additionally, f is a suspension element, then these are equivalent to:

(iv) For some integer K, \V £_,C; = V §£_,C,. [ |

Since the wedge of mapping cones is the mapping cone of the wedge of the at-
taching maps, our investigation of the cancellation properties reduces to the inves-
tigation of our fundamental diagram

V S4n—l f V Szn

‘1/[ lso
V S4n—1 _g_) V S2n

We generalise from maps $"! - §2” to maps V §*"~! - V/ §?” and give an al-
gebraic account of the homotopy classes of maps between the mapping cones of
such functions, beginning with some notational conventions.

NotarioN. Denote by in; the j-th canonical inclusion in the co-product X;—
VX, and by g;: VX, » X; the map which collapses the wedge onto the i-th
summand.
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It follows from general principles that [V X,, Y] =I1{X,, Y], so that we need
only determine the structure and properties of =, (VS™) := [S,VS™]. The
Hilton-Milnor Theorem describes the structure of this homotopy group.

THEOREM 4.2 (Hilton-Milnor Theorem) [GWW]. As abelian group
K

T (S™) = @ T(S™) D @ m(S™)

i=1 JjEN

where {m;| j € N} is a non-decreasing sequence of natural numbers of the form
(s+ 1)m — s with s € N\ {0}.

If mi = (s + 1)m — s, then the factor w(S™) is imbedded by the induced
morphism

K
Wity - ytg)ys T (S™) — 7rk(V Sm)
i=1
where w;(vy, . . .,ix) is a suitable (s + 1)-fold Whitehead product of the elements
y = lin;] € 7,(VS™). The other embeddings are the morphisms
(in)y: m(S™) = me(vS™). u
Of particular interest to us are the next two corollaries.
CoroLLARY 4.3, Ifk<2m — 1 then
K K
7‘-/((\/ Sm) = @ Wk(Sm))
i=1 i=1

so that as abelian group

COROLLARY 4.4,

K(K-1)/72

K K
7f2m—1<V Sm) =@y (SMNE® @ Tom-1(S¥"71),
i=1 i=1

i=1

where the summands wypm_,(S*™" ') are embedded by composition with the
Whitehead products {v;,¢;] (i < j). The other inclusions are (ing);: T2,m_1(S™) —~
Tam—1(V £=18™). u

We may thus write each o € 74,1 (V X,S8%") as
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K
3 (@b + G+ 2 a;liy]
h=1 I<i<j<X
where g 0 o = @by + S = inp e (@upé + 5D
We next extend the notation of Section 1, replacing the torsion component of
« by the suspension L« and the torsion-free part by the K X K integral quadratic
form H(c) whose matrix (x;;) is given by

x; = H(q;°a),
x,'j = in = a,-,- if i <j
That is, the coefficients are the Hilton-Hopf invariants of «. Note that since

a,, ifn=1,2or4,
H(gpoa) = .
2a,;, otherwise,
au, and H (g, ° o) determine each other uniquely.

We call H(«) the Hilton-Hopf quadratic form of . If K = 1, then this is equiv-
alent to the classical Hopf invariant. We use underlining in our notation to empha-
sise that in the general case we are dealing with “matrices” (over a suitable group).

If n # 1,2,4, then the suspension map restricts to an isomorphism of the torsion
component of my,_; (VS*") onto w4, (V S2**!), so that {(«) and Lo determine
each other. If, on the other hand, n = 1, 2, or 4, then L« together with H(«) de-
termine {(«) and H(c) uniquely, for the suspension restricts to a monomorphism
of the torsion component of 74,,_;(V $?") into m,,(V S?"*!), even though it is no
longer an isomorphism. Thus E« determines {(«) in the presence of H(«). (The
converse is obvious.) We regard L« as a column “K-vector” whose &-th entry is
Sk = ing e Gy

We now turn to determining H{¢ »f) and L{g o f) for f:S*"! - V5% and
01V S — \/§?" beginning with an algebraic description of the structure of
[VS™,VS™] (m > 1). Because of the central role they play, we summarise the
properties of the inclsuions in,; : S — \/ ™ and the collapsing maps g;: V §” — 8™,

LeEMMA 4.5. Denoting the Kronecker symbol by ;;,

(D) g;oin; =d;idgm:S™ - S™.

(ii) injoq;: VS™ — V S™ is a non-zero idempotent which is non-trivial if K > 1.

In fact, these maps induce a splitting of the identity map of =,(\/S™) into a
sum of idempotents:

id= 2 (ingoge)p:m (VS™) - w (VS7).
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(iii) The function A: [V S™,VS™] - M(K;Z) mapping ¢ to the K X K integral
matrix A(p), whose (i,j)-th coefficient is the degree of ¢;; := q,;> ¢ °in;, is
a natural isomorphism of rings. |

COROLLARY 4.6. The self-map ¢ : NV S™ -\ S" is
(i) a homotopy equivalence if and only if det(A(¢)) = 1 and
(i) @ p-equivalence if and only if det(A(¢)) is coprime to p. |

A final corollary provides the model for many later computations.
COROLLARY 4.7. Given ¢:VS™ > V8™, poin; = XK | deg(p;)in;.

Proor. It follows from Lemma 4.5 that ¢ = in; = (3K, (in; 2 g;)) = ¢ < in;. By
the Hilton-Milnor Theorem, composition is left-additive in this range, so that
pein, =K injogepo in;. By definition g; ¢ ¢ ¢ in; = ¢;; and composition is
right-additive. Hence

K

K
poin; = z: injop; = Zdeg(¢1j)ini- u
i=1 i=1

i=

LEMMA 4.8. Given f:8*" ' - V8% and ¢:\/ S*" - \/ §?",
H(pof) = A(e)H()(A(0)),
L(pof) = A(o)Lf.

Proor. Computations in the style of Corollary 4.7 establish the result. We
spare the reader the debauch of indices. [ |

The corresponding computations for g -y are much simpler, since composition
is always right-additive.

LeEMMA 4.9. Given : VS8 > \/S* and g: 84"~ - \/ §?",
H(g-y) =deg(¥)H(g),
L(g-y) =deg(y)Lg. a

The last two results generalise Theorem 1.5. The next proposition summarises
them in a form convenient for calculations.

PROPOSITION 4.10.  The maps ¢ o f, gy : S*"~' - \/ §2" are homotopic if and
only if

deg(¥)H(g) = A()H(f)(A (o))
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and
deg(¥)Lg = A(¢)Lf. =
We now return to the task of algebraically characterising our fundamental
diagram
v st L\ g2n
a,l lw
V Sént - V §2n
The horizontal maps are classified by [V 8§41,V $?"] = @7, (V S?") with

as many direct summands as there are (4n — 1)-spheres in the bouquet V S4"~!.
Thus we have

[VS¥ LV 8] S @mapa (VS), am (aly..,ak)

where a’ = oo in; € w41 (VS*) (i =1,...,K), and we can also write
K
a= Y, ak
k=1

Furthermore, given ¢ : V $*! —» VV§4"~1 we use Lemma 4.5 and Corollary 4.7
to find that

K
(o) = D deg(Ya)a’.
i=1
So, writing V(«) for (a',...,aX), and with A(y) defined as above, we have es-
tablished the following proposition.

PRrOPOSITION 4.11.  Given y: V8" > VS84 1 agnd o € [VS* 1,V S?],
Vigey) =V(g)-AWY). ]

We can represent each o € [V 7., S*" ',V £.,8"] as a pair (H(«),L(a)),
where H(w) is the K X JK integral matrix given by juxtaposing the J symmetric
integral matrices H(a/)(j = 1,...,J) and I(«); the suspension of « can be
thought of as a K X J “matrix” over m,,(S*"*'). Thus the (i,(k — 1)K + j)-th co-
efficient of H(«) is the (i,/)-th coefficient of H(«*) and the i-th column of Z(«)
is the suspension of «’. In fact the torsion component {(a) of @ and E(«a) deter-
mine each other: we apply our earlier argument column by column.

We extend the matrix notation to this new situation, using the Kronecker prod-
uct of matrices.
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DeriNiTiON.  Given an [ X J matrix A = (a;;) and a K X L matrix B = (b)),
their Kronecker product A ® B is the matrix

[11119 alzB s a”B
02119 azzB R ale
apnB apB .- ayB

In other words A ® B has a;; by, as the (k,/)-th coefficient in the (/,/)-th block.
COROLLARY 4.12. Given ¢:VS8*" ' 5 V8% 1, o:VS8* > VS* and o €
[Vs4n—1,vs2n]’
H(poaoy) = A(p)H(a) (A(Y) ® A(e)),

L(poacy) = A(@)L()A(Y). u
We can now prove our Factorisation Theorem (Theorem D of the introduction).
THEOREM 4.13 (Factorisation Theorem). Suppose f;,g;:S*"~!' — 8§27 (i =

1,...,K) are given and that the Hopf invariants H(f;) and H(g;) are non-zero if
andonly ifi< L and j < M. Then

K K
V Cy,, is homotopy equivlaent to \| C,,
k=1

Jj=1

if and only if
Q) L=M,
(i) Cy, is homotopy equivalent to C,,_ ,, for some permutation o of {1,...,L},

(i) Cy,,, v+ -v Cy, is homotopy equivalent to C,, _ v---v C,,.

Proor. Clearly, only the “only if” part requires proof. So suppose that
K K
\/l sz = kV Cg/'
i= =1

Defining f,g: VS*~' > V8" by f:= VX, fiand g := VX, g;, we have
H(2)(AW) ® 1x) = A(@)H(f) (1xk ® A(e)')
and

L2A() = A(p)Lf,

with det 4(y),det A(¢) = +1. We see that f' = in; ¢ f;, so that H(f') has at most
one non-zero entry, H(f;) in the i-th position on the main diagonal. Thus the
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rank of H{f) is precisely L, the number of f;’s whose Hopf invariant is non-zero.
Of course H(g) has a similar form and its rank is M. Since both A(¥') and A(¢)
are invertible, it follows that H(f) and H(g) have the same rank, i.e. L = M,
proving (i).

Comparing the k-th block of each of the matrices, we see that

deg(V1x)H(g) 0
0
deg(yYx ) H(gk)
deg(epi4)? -+ deg(or)deg(ex)
= H(f) . :
deg(pii)deg(orr) - deg(pxs)?

Choose k < L. Then H(f,) # 0. Since A(¢) is invertible there is a o (k) with
deg(@y(k)k) # 0. Then deg(Vox)k)» H(&o(x)) # 0, since deg(Vo k) H(gok)) =
deg(@,yx) 2 H(fy) # 0.

Comparing the matrix coefficients off the principal diagonal, we see that
H(f)deg(@,yi)deg(os) = 0 whenever s # ¢(k). Thus deg(e,«)) is the only
non-zero entry in the £-th column of 4(¢). Hence o: {1,...,L } > {l,...,L} must
be injective, since A(¢) has rank K.

Comparing the o(k)-th row of H(g - y) with that of H(y - f) we see that
deg(Vorys) H(Zok)) = H(f,)deg(¢,(x)s)* from which it follows that deg(¥,x)s) =
0 unless s = k. Hence deg(y (,(x)x) is the only non-zero entry in the o(k)-th row
of A(Y) and deg(¢, ) 15 the only non-zero entry in the ¢(4)-th column of
A{¢). Moreover both have absolute value 1, since A(y) and A4 () are invertible.
Thus H(g,1)) = £H(f;).

For the suspensions, we have the “matrix” equation ZgA (y) = A(¢)Lf, or

Lg 0 deg(yy) --- deg(¥ik)
0 : :
Lgx ) | deg(¥g1) -+ deg(ykk)
deg(en) -+ degleix) | | LSy 0
B 0

deg(eoxi) --- deg(ekx) Lfx
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Comparing the (g (k), k)-th entries, we see that deg(V, (x4 ) L& k) = d€8(@s (k)6 ) LSk
that is £g, ) = +Lf;. Thus, by Corollary 1.6, Cj, and G,
alent, proving (ii).

Finally, it follows from the above considerations that both

are homotopy equiv-

deg(¢(L+1)(L+1)) v deg(¢(L+1)K)
deg(¥xr-n) - deg(¥kx)
and
deg(¢(L+1)<L+1)) oo deg(o4nyk)
deg(ek(r+1)) s deg(eoxx)

are invertible. Thus defining f* :=f; ,  v---Vv fx, & = gr4+1 V- +V gx and choos-
ing ¢’ and ¢’ with the above matrices as A(y’) and A (¢’) respectively, we see that
@ o f' =g’ oy’ so that

Cro Vv vCp=Cp=Cp=C,

EL+1

vy Cog |
Theorems B and C from the Introduction are special cases of this theorem.

COROLLARY 4.14 (Theorem B). If f,g: 8% ! — S27 are both of infinite order in
Tan—1(S*"), then

Crv 82y 8% =C,vS¥v S if and only if C; = C,. ]

COROLLARY 4.15 (Theorem C). If f,g:S*"~! — S?7 are both of infinite order in
Typ—1(S*"), then

K K
y1 C= \—/1 C, ifandonly if C; = C,. ]
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